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For a scalar delay logistic equation
m y h t . .k
y t s y t r t 1 y , h t F t , .  .  .  .Ç  k k /Kks1
the oscillation properties are established, which are well known for a linear delay
differential equation, such as comparison theorems, explicit nonoscillation and
oscillation conditions, dependence of the solution sign on the initial function and
the initial value. Q 2000 Academic Press
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y t s r t y t 1 y , h t F t , 1 .  .  .  .  .Ç  /K
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is known as Hutchinson's equation, if r and K are positive constants and
 .h t s t y t for a positive constant t . Hutchinson's equation has been
w xinvestigated by several authors; see, for example, 12, 13, 16, 19 . The
 .oscillation of solutions of delay logistic equation 1 was studied by
w xGopalsamy and Zhang 8, 21 who gave sufficient conditions for the
 .oscillation of 1 .
 .In order to introduce several delays, Eq. 1 can be modified to the form
m1
y t s r t y t 1 y a y t y t , 2 .  .  .  .  .Ç  k k /K ks1
where a and t are nonnegative constants. For the recent contributionsk k
 . w xto the study of Eq. 2 , we refer to 8, 11, 15 .
 .Other generalizations of Eq. 1 and the relevant references are pre-
w x w xsented in the recent monograph 7 and papers 9, 10, 14, 17, 18, 20 .
w xThe paper 9 contains an interesting method for the research of
oscillation of the multiplicative delay logistic equation
m y g t . .k
y t s r t y t 1 y . 3 .  .  .  .Ç  /Kks1
 .The authors connect the oscillatory properties of Eq. 3 with the oscilla-
tion of a certain linear delay differential equation. Unlike the other works
w xon the logistic equation, in 9 functions r and g are not assumed to bek
continuous. This allows to consider the logistic equation with piecewise
constant delays.
w xIn our paper 1 , we also consider the additive delay logistic equation
m y h t . .k
y t s y t r t 1 y 4 .  .  .  .Ç  k  /Kks1
without the assumption that the functions r and g are continuous. Wek k
 .prove that the oscillation properties of 4 can be deduced from the
corresponding properties of the linear equation
m
x t q r t x h t s 0. 5 .  .  .  . .Ç  k k
ks1
w xIn this paper, we continue the investigation that was begun in 1 . For
 .logistic equation 4 , we obtain the properties which were formerly estab-
lished only for a linear equation: comparison of the oscillation properties
of two equations, comparison of solutions of a differential equation and
differential inequalities, positiveness condition for a given solution, etc.
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Here we apply the same method which we used before for the study of
oscillation properties for various classes of linear functional differential
w xand impulsive equations 2]6 . Similar to the above investigations, we
prove that the existence of a nonoscillatory solution for a differential
equation is equivalent to the existence of a nonnegative solution for some
explicitly constructed nonlinear integral inequality.
Integral equations that correspond to such inequalities are widely used
 w x.in the oscillation theory see, for example, 7, 8, 11 . However, for some
oscillation problems, integral inequalities can be a more useful tool than
integral equations. All the results of this paper are based on such an
inequality.
The paper is organized as follows. In Sections 2]4, we consider an
 .equation, which is obtained from 4 by the following substitution
y t .
x t s y 1. .
K
On the base of the results of the previous sections, in Section 5 we
 .investigate delay logistic equation 4 and some generalized logistic equa-
tion.
2. PRELIMINARIES
Consider a scalar delay differential equation
m
x t s y r t x h t 1 q x t , t G 0, 6 .  .  .  .  . . .Ç  k k
ks1
under the following conditions:
 .a1 r , k s 1, . . . , m, are Lebesgue measurable functions essentiallyk
w x  .bounded in each finite interval 0, b , r t G 0,k
 . w .  .a2 h : 0, ‘ “ R are Lebesgue measurable functions, h t F t,k k
 .lim h t s ‘, k s 1, . . . , m.t “‘ k
 .Together with 6 , we consider for each t G 0 an initial value problem0
m
x t s y r t x h t 1 q x t , t G t , 7 .  .  .  .  . . .Ç  k k 0
ks1
x t s w t , t - t , x t s x . 8 .  .  .  .0 0 0
We also assume that the following hypothesis holds:
 .  .a3 w : y‘, t “ R is a Borel measurable bounded function.0
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w xDEFINITION. An absolutely continuous in each interval t , b function0
 .  .  .x: R “ R is called a solution of problem 7 , 8 , if it satisfies Eq. 7 for
w .  .almost all t g t , ‘ and equalities 8 for t F t .0 0
We will present here some lemmas which will be used in the proof of the
main results.
Consider the linear delay differential equation
m
x t q r t x h t s 0, t G 0, 9 .  .  .  . .Ç  k k
ks1
and the differential inequalities
m
x t q r t x h t F 0, t G 0, 10 .  .  .  . .Ç  k k
ks1
m
x t q r t x h t G 0, t G 0, 11 .  .  .  . .Ç  k k
ks1
 w x.  .  .LEMMA 1 see 2 . Let a1 ] a3 hold. Then the following statements are
equi¤alent:
 .1. There exists a nonoscillatory solution of Eq. 9 .
 .2. There exists an e¤entually positi¤e solution of the inequality 10 .
 .3. There exists an e¤entually negati¤e solution of the inequality 11 .
4. There exists t G 0 such that the inequality0
m
t
u t G r t exp u s ds , t G t , 12 .  .  .  . Hk 0 5 .h tkks1
 .where the sum contains only such terms for which h t G t , has a nonnega-k 0
w .ti¤e locally integrable in t , ‘ solution.0
 .  .  .  .  .  .If x t , y t , z t , t G t , are positi¤e solutions of 9 , 10 , 11 , respec-0
 .  .  .  .  .  .ti¤ely, x t s y t s z t , t F t , then y t F x t F z t , t G t .0 0
 w x.  .  .LEMMA 2 see 11 . Let a1 ] a3 hold. If
m
t
lim sup r s ds F 1re, 13 .  . H k
t“‘  .min h tk kks1
 .  .  .then Eq. 9 has a nonoscillatory solution. If in addition w t F x t ,0
 .  .  .x t ) 0, then the solution of initial ¤alue problem 9 , 8 is positi¤e.0
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If
m
t
lim inf r s ds ) 1re, 14 .  . H k
t“‘  .max h tk kks1
 .then all the solutions of Eq. 9 are oscillatory.
3. OSCILLATION CRITERIA
 .Together with Eq. 6 , consider differential inequalities
m
x t F y r t x h t 1 q x t , t G 0, 15 .  .  .  .  . . .Ç  k k
ks1
m
x t G y r t x h t 1 q x t , t G 0. 16 .  .  .  .  . . .Ç  k k
ks1
 .  .In this section and the next one, we assume that a1 ] a3 hold and
 .  .  .consider only such solutions of 6 , 15 , and 16 for which the following
condition holds:
1 q x t ) 0. 17 .  .
THEOREM 1. The following statements are equi¤alent:
 .1. Inequality 15 has an e¤entually positi¤e solution.
 . w .2. There exist t G 0, w : y‘, t “ 0, ‘ , and c ) 0 such that the0 0
inequality
m
t
u t G 1 q c exp y u s ds F u t , 18 .  .  .  .  .H k 5 /t0 ks1
where
¡ tr t exp H u s ds , if h t G t , .  .  . 4k h  t . k 0k~F u t s .  .k 1 t¢ exp H u s ds w h t , if h t - t , .  .  . . 4t k k 0c 0
w .has a nonnegati¤e locally integrable on t , ‘ solution.0
 .3. Equation 6 has an e¤entually positi¤e solution.
 .  .  .  .Proof. 1 “ 2 . Let x be a solution of 15 and x t ) 0 for t G t .1
 .  .Then there exists t G t such that h t G t for t G t . Denote w t s0 1 k 1 0
 .  .x t , t - t , and c s x t .0 0
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 .   .  ..  .  .Let u t s y x t rx t , t G t . For solution x of 15 , we have x t F 0,Ç Ç0
 .t G t , consequently, u t G 0. We can rewrite now x in the form0
c exp yH t u s ds , t G t , . 4t 00x t s 19 .  . w t , t - t . . 0
 .  .By substituting x in inequality 15 , we will obtain inequality 18 .
 .  .  .2 “ 3 . Let u be a nonnegative solution of inequality 18 . De-0
note a sequence
m
tn. ny1. 0.u t s 1 q c exp y u s ds F u t , u s u . .  .  . .H0 0 k 0 0 0 5 /t0 ks1
20 .
 . 1. .  .From 18 , we have u t F u t , and by induction, we can prove that0 0
n. . ny1. .  .0 F u t F u t F u t .0 0 0
There exists a pointwise limit of the nonincreasing positive sequence
n. .  . n. .u t . If we let u t s lim u t , then by the Lebesgue Convergence0 1 n“‘ 0
 .Theorem we conclude that the function u t is locally integrable and1
lim F un. t s F u t . .  .  . .k 0 k 1
n“‘
 .Hence, for u from 20 we obtain1
m
t
u t s 1 q c exp y u s ds F u t . .  .  .  .H1 0 k 1 5 /t0 ks1
 .Similarly, we can construct a sequence u t , such thatn
m
t
u t s 1 q c exp y u s ds F u t .  .  .  .Hn ny1 k n 5 /t0 ks1
and obtain that
0 F u t F u t F ??? F u t . .  .  .n ny1 0
 .The same argument as before gives that there exists a pointwise limit u t
 .of the sequence u t , and for this function we haven
m
t
u t s 1 q c exp y u s ds F u t . 21 .  .  .  .  .H k 5 /t0 ks1
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 .Hence, a function x defined by equality 19 is an eventually positive
 .solution of Eq. 6 .
THEOREM 2. The following statements are equi¤alent:
 .1. Inequality 16 has an e¤entually negati¤e solution.
 .  x2. There exist t , w : y‘, t “ y‘, 0 , and c - 0 such that inequal-0 0
 . w .ity 18 has a nonnegati¤e locally integrable on t , ‘ solution u and0
t
1 q c exp y u s ds ) 0. 22 .  .H 5
t0
 .3. Equation 6 has an e¤entually negati¤e solution.
 .  .  .  .Proof. 1 “ 2 . Let x be a solution of 16 and x t - 0 for t G t .1
 .  .Then there exists t G t such that h t G t for t G t . Denote w t s0 1 k 1 0
 .  .x t , t - t , and c s x t - 0.0 0
 .   .  ..  .  .Let u t s y x t rx t , t G t . For solution x of 16 , we have x t G 0,Ç Ç0
 .  .t G t ; therefore, u t G 0. We can rewrite now x in the form 19 . By0
 .  .  .substituting x from 19 in inequality 16 , we will obtain inequality 18 .
 .  .  .2 “ 3 . Let u be a nonnegative solution of inequality 18 . De-0
note a sequence
m
t
u t s 1 q c exp y u s ds F u t , .  .  .  .H1 0 k 0 5 /t0 ks1
m
t
u t s 1 q c exp y u s ds F u t . .  .  .  .Hn ny1 k ny1 5 /t0 ks1
 .  .  .  .From 18 , we obtain that 0 F u t F u t , and by induction, 0 F u t F1 0 n
 .  .  .u t F ??? F u t . Then there exists the pointwise limit u t of theny1 0
 .sequence u t .n
 .  .Hence, u is a solution of Eq. 21 . Thus x defined by 19 is an
 .eventually negative solution of 6 .
 .COROLLARY 1. Suppose there exist t and c ) 0 c - 0 such that the0
inequality
m
t t
u t G 1 q c exp y u s ds r t exp u s ds .  .  .  .H Hk 5  5 /  .t h t0 kks1
has a nonnegati¤e locally integrable solution, where the sum contains only
 .  . such terms for which h t G t . Then Eq. 6 has an e¤entually positi¤e ank 0
.e¤entually negati¤e solution.
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 .  .The corollary follows from statement 2 of Theorem 1 Theorem 2 if
we assume w ’ 0.
COROLLARY 2. Let
m‘
r t dt - ‘. .H k
0 ks1
 .Then there exists a nonoscillatory solution of Eq. 6 .
 t m  . 4Proof. There exists t such that exp 2H  r s ds - 2, t G t .0 h  t . ks1 k 0k
 . m  .We assume u t s 2 r t . Then u is a solution of the inequalityks1 k
m
t
u t G r t exp u s ds . .  .  . Hk  5 .h tkks1
 .Corollary 1 implies that Eq. 6 has an eventually negative solution.
3t m  . 4Similarly, there exists t such that exp 3H  r s ds - , t G t .0 h  t . ks1 k 02k
 . m  .We assume u t s 3 r t . Thenks1 k
m
t
u t G 2 r t exp u s ds .  .  . Hk  5 .h tkks1
m
t t
G 1 q exp y u s ds r t exp u s ds , .  .  .H Hk 5  5 /  .t h t0 kks1
 .hence, by Corollary 1, Eq. 6 also has an eventually positive solution.
4. COMPARISON THEOREMS
 .Compare first oscillation properties of Eq. 6 and of
m
x t s y b t x g t 1 q x t , t G 0, 23 .  .  .  .  . . .Ç  k k
ks1
 .  .where for b , g , conditions a1 ] a2 hold.k k
THEOREM 3. Suppose
b t F r t , g t G h t , 24 .  .  .  .  .k k k k
 .  .and Eq. 6 has a nonoscillatory solution. Then 23 has a nonoscillatory
solution.
 .  .  .  .  .Suppose b t G r t , g t F h t , and all the solutions of Eq. 6 arek k k k
 .oscillatory. Then all the solutions of 23 are also oscillatory.
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 .  .Proof. Let 24 hold and let 6 have a nonoscillatory solution. Theo-
 .rems 1 and 2 imply that inequality 18 has a nonnegative solution u. The
inequality also holds if r and h are replaced by b and g . Hence, Eq.k k k k
 .23 also has a nonoscillatory solution.
The second statement of the theorem is a consequence of the first one.
Now we will compare solutions of the differential equation and the
differential inequalities.
 .  .THEOREM 4. Let x be a solution of problem 7 , 8 , y be a solution of1
 .  .  .  .  .  .15 , 8 , y be a solution of 16 , 8 , and z be a solution of 9 , 8 .2
 .  .  .  .  .  .1. Suppose y t ) 0, z t ) 0, w t G 0, x t ) 0. Then y t F x t1 0 1
 .F z t .
 .  .  .  .  .  .2. Suppose y t - 0, z t - 0, w t F 0, x t - 0. Then z t F x t2 0
 .F y t .2
 .  .  .Proof. Suppose 1 holds. By the proof of implication 1 “ 2 in
Theorem 1, we have the representation
x t exp yH t u s ds , t G t , .  . 40 t 0 00y t s .1  w t , t - t , . 0
 .where u is a nonnegative solution of inequality 18 . From the proof of0
 .  .  .implication 2 “ 3 in Theorem 1, it follows that for solution u of 21 ,
 .  .  .  .the inequality u t F u t , t G t , holds. Hence, for solutions of 7 , 80 0
 .  .and 15 , 8 , we have
x t exp yH t u s ds , t G t , .  . 40 t 00x t s G y t . .  .1 w t , t - t , . 0
 .  .If x is a positive solution of 7 , 8 , then
m
x t q r t x h t F 0, t G t . .  .  . .Ç  k k 0
ks1
 .  .  .Lemma 1 implies x t F z t . The proof of 2 is similar.
 .  .Suppose 7 , 8 is nonoscillatory. Consider the dependence of the sign
of the solution on the initial function and the initial value. To this end,
 .  . t m  .denote h t s min h t , a s lim sup H  r s ds.k t “‘ h t . ks1 k
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1  .  .THEOREM 5. Suppose a - , x is a solution of the problem 7 , 8 .e
1 .  .  .1. If 0 F w t F x t F y 1, then x t ) 0, t G t .0 0ae
 .  .  .2. If 0 G w t G x t ) y1, then x t - 0, t G t .0 0
 .Proof. Let conditions of 1 hold. By Lemma 2, the equation
m
y t q 1 q x t r t x h t s 0 25 .  .  .  .  . .  .Ç 0 k k
ks1
 .  .with initial conditions 8 has the solution y t ) 0, t G t . Since y is a0
 .  .nonincreasing function, then y t F x t . Then0
m
y t q 1 q y t r t x h t F 0, .  .  .  . .  .Ç  k k
ks1
 .i.e., y is a positive solution of inequality 15 . Theorem 4 implies that
 .  .  .  .x t G y t ) 0, where x is the solution of 7 , 8 .
 .Let now condition 2 of the theorem hold. Consider the problem
m
y t q r t y h t s 0, y t s x t , .  .  .  .  . .Ç  k k 0 0
26 .ks1
y t s w t , t - t . .  . 0
By Lemma 2, one can obtain that for solution y of this problem, we have
 .  .  .yy t ) 0, then y t - 0. Equation 26 implies that y is nondecreasing,
hence
m
y t q 1 q y t r t y h t G 0, .  .  .  . .  .Ç  k k
ks1
 .  .  .  .and 1 q y t G 1 q y t ) 0. Theorem 4 implies now that x t F y t - 0,0
 .  .where x is the solution of 7 , 8 .
 .Now let us compare the oscillation properties of Eq. 6 and a linear
delay differential equation.
THEOREM 6. 1. Let there exist a nonoscillatory solution of the linear
equation
m
y t q r t y h t s 0. 27 .  .  .  . .Ç  k k
ks1
 .Then there exists a nonoscillatory solution of Eq. 6 .
 .2. Let there exist an e¤entually positi¤e solution of Eq. 6 . Then there
 .exists a nonoscillatory solution of linear equation 27 .
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3. Let, for e¤ery sufficiently small « G 0, all the solutions of equation
m
y t q 1 y « r t y h t s 0 28 .  .  .  .  . .Ç  k k
ks1
 .be oscillatory. Then all solutions of Eq. 6 are oscillatory.
 .4. Let all the solutions of 6 be oscillatory. Then all the solutions of
 .27 are oscillatory.
 .Proof. 1. Let Eq. 27 have a nonoscillatory solution.
‘ m  .First, suppose H  r t dt - ‘. Corollary 2 of Theorems 1 and 20 ks1 k
 .implies that there exists a nonoscillatory solution of 6 .
‘ m  .Second, suppose that H  r t dt s ‘ and y is a negative solution0 ks1 k
 .  .of 27 for t G t . Then lim y t s 0. Hence, there exists T G t such0 t “‘ 0
 .that 0 F 1 q y t F 1, t G T. Therefore,
m
y t q 1 q y t r t y h t G 0, t G T . .  .  .  . .  .Ç  k k
ks1
 .Theorem 2 implies that there exists an eventually negative solution of 6 .
 .  .2. Suppose y t ) 0, t G t , is a positive solution of Eq. 6 . Then0
m
y t q r t y h t F 0, t G t . .  .  . .Ç  k k 0
ks1
 .Lemma 1 implies that 27 has a nonoscillatory solution.
 .3. Let Eq. 6 have a nonoscillatory solution. If this solution is
 .  .eventually positive, then by statement 2 of this theorem, Eq. 28 for
« s 0 also has an eventually positive solution. We have a contradiction.
 .  .Suppose that y t - 0, t G t , is a negative solution of 6 . Oscillation of0
 . ‘ m  .  .all solutions of 28 implies that H  r t dt s ‘. Then lim y t s0 ks1 k t “‘
 .0. Hence, there exists T G t such that 0 G y t G y« , t G T. Therefore, y0
is a negative solution of the inequality
m
y t q 1 y « r t y h t G 0, t G T . .  .  .  . .Ç  k k
ks1
 .Hence, by Lemma 1 there exists a nonoscillatory solution of 28 , which
gives a contradiction.
 .4 follows from 1 .
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5. MAIN RESULTS
 .Consider now delay logistic equation 4 and the differential inequalities
m y h t . .k
y t G y t r t 1 y , 29 .  .  .  .Ç  k  /Kks1
and
m y h t . .k
y t F y t r t 1 y , 30 .  .  .  .Ç  k  /Kks1
 .  .where r , h satisfy conditions a1 ] a2 , K ) 0, and initial function ck k
 .  .satisfies a3 . There exists a unique solution of 4 with the initial condition
y t s c t , t - t , y t s y . 31 .  .  .  .0 0 0
In this section, we assume that an additional condition
 .  . w xa4 y ) 0, c t G 0, t - t , holds. Then, as in case m s 1 8, 21 ,0 0
 .  .the solution of 4 , 31 is positive.
 .A positive solution y of 4 is said to be oscillatory about K if there exists
 .a sequence t , t “ ‘, such that y t y K s 0, n s 1, 2, . . . ; y is said ton n n
<  . <be nonoscillatory about K if there exists T G t such that y t y K ) 00
for t G T. A solution y is said to be eventually positive eventually
.  .negative about K if y y K is eventually positive eventually negative .
y .Suppose y is a positive solution of 4 and define x as x s y 1. ThenK
 .  .x is a solution of 6 such that 1 q x ) 0. If y is a solution of 29 , then x
 .  .  .is a solution of 15 . If y is a solution of 30 , then x is a solution of 16 .
 .Hence, oscillation or nonoscillation of y about K is equivalent to
 .  .oscillation nonoscillation of x. Besides, y t ) K for t G t is equivalent0
 .to x t ) 0 for t G t .0
 .By applying Theorems 1]6, we obtain the following results for Eq. 4 .
THEOREM 7. The following statements are equi¤alent:
 .1. Inequality 29 has an e¤entually positi¤e about K solution.
 . w .2. There exist t G 0, w : y‘, t “ 0, ‘ , and c ) 0 such that in-0 0
 . w .equality 18 has a nonnegati¤e locally integrable on t , ‘ solution.0
 .3. Equation 4 has an e¤entually positi¤e about K solution.
THEOREM 8. The following statements are equi¤alent:
 .1. Inequality 30 has an e¤entually negati¤e about K solution.
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 .  x2. There exist t , w : y‘, t “ y‘, 0 , and c - 0 such that inequal-0 0
 . w .ity 18 has a nonnegati¤e locally integrable on t , ‘ solution u and0
t
1 q c exp y u s ds ) 0. .H 5
t0
 .3. Equation 4 has an e¤entually negati¤e about K solution.
 .Compare now the oscillation properties of Eq. 4 and
m y g t . .k
y t s y t b t 1 y , 32 .  .  .  .Ç  k  /Kks1
 .  .where b , g satisfy a1 ] a2 .k k
THEOREM 9. Suppose
b t F r t , g t G h t , 33 .  .  .  .  .k k k k
 .  .and Eq. 4 has a nonoscillatory about K solution. Then 32 has a nonoscilla-
tory about K solution.
 .  .  .  .  .Suppose b t G r t , g t F h t , and all the solutions of Eq. 4 arek k k k
 .oscillatory about K. Then all the solutions of 32 are oscillatory about K.
Now compare solutions of the differential equation and the differential
inequalities.
 .  .THEOREM 10. Let y be a solution of the problem 4 , 31 , y be a1
 .  .  .  .  .  .solution of 29 , 31 , y be a solution of 30 , 31 , and z of 9 , 31 .2
 .  .  .  .  .1. Suppose y t ) K, z t ) K, w t G K, y t ) K. Then y t F1 0 1
 .  .y t F z t .
 .  .  .  .  .2. Suppose y t - K, z t - K, w t F K, y t - K. Then z t F2 0
 .  .y t F y t .2
 .  . t m  .Denote h t s min h t , a s lim sup H  r s ds.k t “‘ h t . ks1 k
1  .  .THEOREM 11. Let a - , and let y be a solution of the problem 4 , 31 .e
K .  .  .1. Suppose K F c t F y t F . Then y t ) K, t G t .0 0ae
 .  .  .2. Suppose 0 F y t - c t F K. Then 0 - y t - K, t G t .0 0
 .The following result compares the oscillation properties of Eq. 4 with
the oscillation properties of a linear delay differential equation.
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THEOREM 12. 1. If there exists a nonoscillatory solution of linear equa-
tion
m
y t q r t y h t s 0, 34 .  .  .  . .Ç  k k
ks1
 .then there exists a nonoscillatory about K solution of Eq. 4 .
 .2. If there exists an e¤entually positi¤e about K solution of Eq. 4 , then
 .there exists a nonoscillatory solution of linear equation 34 .
3. If for e¤ery sufficiently small « G 0, all the solutions of
m
y t q 1 y « r t y h t s 0 35 .  .  .  .  . .Ç  k k
ks1
 .are oscillatory, then all the solutions of Eq. 4 are oscillatory about K.
 .4. Let all solutions of 4 be oscillatory about K. Then all the solutions
 .of 34 are oscillatory.
By Theorem 12 and Lemma 2, one can obtain explicit conditions of
 .oscillation about K for logistic equation 4 .
COROLLARY. Let
m 1t
lim sup r s ds F . .H k et“‘  .min h tk k ks1
 .Then there exists a nonoscillatory about K solution of Eq. 4 .
Let
m 1t
lim inf r s ds ) . .H k et“‘  .max h tk k ks1
 .Then all solutions of 4 are oscillatory about K.
The method applied in this paper can be used for some other nonlinear
functional differential equations. Consider, for example, the following one,
which has not been investigated before as far as we know,
m y h t . .kby1< <y t s y t y t r t 1 y , t G 0, 36 .  .  .  .  .Ç  k  /Kks1
where b ) 0.
 .  .  .Condition 31 implies as in the case b s 1 that the solution of 36 ,
 .  .31 is positive. Hence, we can rewrite 36 in the form
m y h t . .kby t s y t r t 1 y , t G 0. 37 .  .  .  .Ç  k  /Kks1
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y  .After the substitution x s y 1 in 37 , we have the equationK
m
bby1x t s yK r t x h t 1 q x t , t G 0. 38 .  .  .  .  . . .Ç  k k
ks1
 .For this equation, one can obtain the same results as for Eq. 6 . As
 .corollaries, we obtain oscillation results for Eq. 36 , in particular, the
following theorem.
THEOREM 13. Let
m 1ybKt
lim sup r s ds F . .H k et“‘  .min h tk k ks1
 .Then there exists a nonoscillatory about K solution of Eq. 36 .
Let
m 1ybKt
lim inf r s ds ) . .H k et“‘  .max h tk k ks1
 .Then all solutions of 36 are oscillatory about K.
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